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Abstract

This paper examinesthe problemof combiningmulti-
ple partitionings of a set of objectsinto a single consol-
idated clusteringwithout accessingthe features or algo-
rithms that determinedthesepartitionings. This problem
is anabstractionof scenarioswheredifferentorganizations
havegroupedsomeor all elementsof a commonunderlying
population,possiblyusingdifferent features,algorithmsor
clusteringcriteria. Moreover, due to real life constraints
such asproprietary techniques,legal restrictions,different
data ownershipsetc, it is not feasibleto pool all the data
intoacentral locationandthenapplyclusteringtechniques:
the only information that can be shared are the symbolic
cluster labels. The cluster ensembleproblem is formal-
izedas a combinatorialoptimizationproblemthat obtains
a consensusfunction in termsof shared mutual informa-
tion amongindividual solutions. Three effectiveand effi-
cienttechniquesfor obtaininghigh-qualityconsensusfunc-
tionsare describedandstudiedempirically for the follow-
ing qualitativelydifferent applicationscenarios:(i) where
the original clusters were formedbasedon non-identical
setsof features,(ii) wheretheoriginal clusteringalgorithms
were appliedto non-identicalsetsof objectsand(iii) when
the individual solutionsprovide varying numbers of clus-
ters. Promisingresultsare obtainedin all the three situ-
ations for syntheticas well as real data sets,even under
severe restrictionson dataandknowledgesharing.

1. Intr oduction

In thispaper, weaddresstheproblemof combiningmul-
tiple partitioningsof a setof objectswithoutaccessingthe
original features, in a distributeddatamining context. This
work startsfrom our very recently introducedframework
for designingclusterensembles[16, 14], and focusseson

distributed computingscenarioswhere the combinercan
only examinetheclusterlabelsbut not theoriginal features
oralgorithms,andeventhenumberof clustersobtainedmay
differ from site to site. At first glance,this may be remi-
niscentof classifierensembles, for which a large body of
literatureexists [13, 6, 11]. But actuallythetheclusteren-
sembledesignproblemis muchmore difficult sinceclus-
ter labelsaresymbolic andso onemustalso solve a cor-
respondenceproblem. In addition, the numberandshape
of clustersprovided by the individual solutionsmay vary
significantlyfrom siteto sitedueto differencesin theclus-
tering methodused,the clusteringobjective, aswell ason
theparticularview of thedataavailableatthosesites.More-
over, the desirednumberof clustersis often not known in
advance,unlike in thetypical classificationsetting.

1.1 Moti vation.

Therearetwo primarymotivationsfor developingclus-
ter ensemblesasdefinedabove: to exploit andreuseexist-
ing knowledgeimplicit in legacy clusterings,andto enable
clusteringover distributeddatasets.Let us considerthese
two applicationdomainsin greaterdetail.

KnowledgeReuse.In severalapplications,a varietyof
clusteringsfor theobjectsunderconsiderationmayalready
exist, and one desiresto either integratetheseclusterings
into a singlesolution,or usethis informationto influencea
new clustering(perhapsbasedonadifferentsetof features)
of theseobjects. Our first encounterwith this application
scenariowaswhenclusteringvisitors to an e-tailing web-
site basedon market basket analysis,in order to facilitate
a direct marketing campaign[15]. The company already
had a variety of legacy customersegmentationsbasedon
demographics,credit rating,geographicalregion, purchas-
ing patternsin their retail stores,etc. They wereobviously
reluctantto throw out all this domainknowledge,and in-
steadwantedto reusesuchpre-existingknowledgeto create
a singleconsolidatedclustering.Notethatsincethe legacy
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clusteringswere largely provided by humanexpertsor by
othercompaniesusingproprietarymethods,theinformation
in the legacy segmentationshad to be usedwithout going
backto the original featuresor the ‘algorithms’ that were
usedto obtaintheseclusterings.Thisexperiencewasinstru-
mentalin our formulationof theclusterensembleproblem.
Anothernotableaspectof thisengagementwasthatthetwo
setsof customers,purchasingfrom retail outletsandfrom
the websiterespectively, had significantoverlapbut were
not identical. Thus in the clusterensembleproblem,we
provision for missinglabelsin individual clusterings.

Another applicationinvolving legacy solutionsis seg-
mentingof mortgageloanapplicantsbasedon theinforma-
tion in theapplicationforms,supplementedby pre-existing
groupingsof the applicantsindicatedby proprietaryexter-
nalsourcessuchastheFICOscoresprovidedby FairsIsaac.

Distrib uted Data Mining . The desireto performdis-
tributeddatamining is beingincreasinglyfelt in bothgov-
ernmentandindustry. Often,relatedinformationis acquired
andstoredin geographicallydistributedlocationsdueto or-
ganizationalor operationalconstraints[9], andoneneedsto
processdatain situ asfar aspossible.In contrast,machine
learningalgorithmsinvariablyassumethatdatais available
in a singlecentralizedlocation. But this maynot bedesir-
ablebecauseof the computational,bandwidthandstorage
costs. In certaincases,it may not even be possibledue
to a variety of real-life constraintsincluding security, pri-
vacy, proprietarynatureof dataandtheaccompanyingown-
ershipissues,needfor fault tolerantdistributionof dataand
services,real-timeprocessingrequirements,statutorycon-
straintsimposedby law, etc.[12]. Interestingly, theseverity
of suchconstraintsis becomingvery evidentof lateassev-
eral governmentagenciesareattemptingto integratetheir
databasesandanalyticaltechniques.

A cluster ensemblecan perform Feature-Distributed
Clusteringin situationswhereeachprocessor/clustererhas
accessto only a limited numberof featuresor attributesof
eachobject,i.e. it observesaparticularaspector view of the
data. Aspectscanbe completelydisjoint featuresor have
partialoverlaps.In genefunctionprediction,separategene
clusteringscan be obtainedfrom diversesourcessuchas
genesequencecomparisons,combinationof DNA microar-
ray datafrom many independentexperiments,andmining
of thebiologicalliterature(e.g.,MEDLINE).

An orthogonalscenariois Object-DistributedClustering,
whereineachprocessor/clustererhasaccessto only asubset
of all objects,andcanthusonly clustertheobservedobjects.
For example,corporationstendto split their customersre-
gionally for moreefficient management.Analysissuchas
clusteringis oftenperformedlocally, anda clusterensem-
ble providesa way of obtaininga holistic analysiswithout
completeintegrationof thelocaldatawarehouses.

1.2 RelatedWork

Thereareseveral techniqueswheremultiple clusterings
arecreatedandevaluatedasintermediatestepsin the pro-
cessof attaininga single,higherquality clustering.For ex-
ample,Fisherexaminedmethodsfor iteratively improvinga
initial setof hierarchicalclusteringsolutions[4]. A way of
obtainingmultiple approximate� -meanssolutionsin main
memoryaftermakinga singlepassthrougha database,and
then combining thesemeansto get a final set of cluster
centersis presentedin [3]. In all theseworks, a summary
representationof eachclusterin termsof thebasefeatures
is available to the integration mechanism,as opposedto
our knowledgereuseframework whereinonly cluster la-
belsareavailable. More recently, an ‘evidenceaccumula-
tion’ framework wasproposedwhereinmultiple � -means,
usinga much higher valueof � than the final anticipated
answer, were run on a commondataset [5]. The results
wereusedto form a co-occurrenceor similarity matrix that
is is analogousto the oneusedfor CSPA, except that the
clusteringsgeneratedin [5] arenot legacy but aregenerated
from a commondatasetandfeaturespace.Also they areat
amuchfiner level of resolutionthanthatdesiredby thefinal
clustering,sincethepurposeof runningmultipleclusterings
is to geta morerobustsimilarity matrix thathastheflavor
of thesharednearestneighbortechnique.

Oneuseof clusterensemblesis to exploit multipleexist-
ing groupingsof thedata.Severalanalogousapproachesex-
ist in supervisedlearningscenarios(classlabelsareknown),
undercategoriessuchas‘life-long learning’[19], ‘learning
to learn’ [20] and ‘knowledgereuse’[2], but we have not
seentheseappliedto totally unsupervisedsettings.

Anotherapplicationof clusterensemblesis to combine
multipleclusteringsthatwereobtainedbasedononlypartial
setsof features.Thisproblemhasbeenapproachedrecently
asa caseof collective datamining [9]. In [8] a feasibleap-
proachto combiningdistributedagglomerative clusterings
is introduced.First,eachlocalsitegeneratesadendrogram.
Thedendrogramsarecollectedandpairwisesimilaritiesfor
all objectsarecreatedfrom them.Thecombinedclustering
is thenderived from the similarities. In [10], a distributed
methodof principal componentsanalysisis introducedfor
clustering.The informationsharingin theseapproachesis
lessrestrictive thanwhatis allowablein clusterensembles.

Notation. Let �����	��

�����
��������������� denoteasetof ob-
jects/samples/points.A partitioningof these� objectsinto� clusterscanbe representedasa setof � setsof objects�����	� ����� �������!�"��� or asa labelvector #%$'& � . A clusterer(

is a function that deliversa label vector (with possibly
missingvalues)given a tuple of objects. Someclusterers
may provide additionalinformationsuchasdescriptionof
clustermeans,but we shallnot usesuchinformationin this
paper. Figure1 shows thebasicsetupof theclusterensem-
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Figure 1. The Cluster Ensemb le. A consen-
sus function * combines clusterings #,+.-0/ from
a variety of sour ces, without resor ting to the
original object features � or algorithms

(
.

ble: A setof 1 labelings#,+ 
3254545452 6 / is combinedinto a single
labeling # (theconsensuslabeling) usingaconsensusfunc-
tion *87 �9#:+.-�/:�
;<$8� � �������!� 1 � �>=?# . A superscriptin
bracketsdenotesanindex andnot anexponent.

Organization. In the next section,we recapitulateour
recentformulation of a clusterensembleas an optimiza-
tion problem[16]. A different normalizationfunction is
proposedthat is moregeneralin that it catersto both bal-
ancedandnon-balancedclusteringsituations.Threeeffec-
tiveandefficient combiningfunctions * , aswell asa direct
optimizationapproacharethendescribedandcompared.In
section3, wedescribeapplicationsof clusterensemblesfor
thedistributeddatamining scenariosdescribedabove, and
show resultson bothrealandartificial data.Section4 con-
centrateson knowledgereusewhen legacy clustersareof
variableresolution.

2. Cluster Ensembles

ObjectiveFunction. Let thesetof groupings�@#,+.-0/:�A;B$� �A�������3� 1 �A� bedenotedby C , andlet the ; -th groupinghave��+.-0/ clusters.If thereis noapriori informationabouttherel-
ative importanceof theindividualgroupings,thenareason-
ablegoal for the consensusansweris to seeka clustering
that sharesthe most informationwith the original cluster-
ings.

Mutual information, which is a symmetricmeasureto
quantifythestatisticalinformationsharedbetweentwo dis-
tributions,providesa soundindicationof the sharedinfor-
mationbetweena pair of clusterings.Let D�EGF �IHKJ denote
the mutual information betweentwo randomvariablesF
and H , and L>EGF J denotethe entropy of F . Sincethere
is no upper bound for D�EMF �NHBJ , so for easierinterpreta-

tion andcomparisonsa normalizedversionof D�EGF �IHBJ that
rangesfrom 0 to 1 is desirable.In [16] we useda normal-
ization suitablewhenthe consensusclusteringneedsto be
balanced,i.e., the clustersshouldbe of comparablesizes.
We now proposea moregeneralapproachbasedon theex-
istenceof aHilbert Spacewith vectorsO andP representing
therandomvariablesF and H , suchthat theinnerproduct
measureQRO � PTS is identicalto D�EGF �NHBJ . Thenthenatural
normalizationto the range[0,1] is U�V 2 WYXZ U�V 2 V X[2 U W\2 WYX . Noting

that D�EGF � F J]� L>EMF J , we geta normalizedmutualinfor-
mation(NMI):^�_a` EMF �NHbJc� D�EMF �NHBJd L>EGF J L>E HBJ (1)

For consensusclustering,the randomvariablesare repre-
sentedby theclusterlabelings#,+.e3/ and #:+.fg/ , with ��+.e3/ and��+.fg/ groupsrespectively, andEquation1 needsto be esti-
matedby the sampledquantitiesprovided by the cluster-
ings. We denotethe resultingnormalizedmutualinforma-
tion measureby h +ji:kmln/ E #,+.e3/3�"#:+.fg/�J .

Basedon this pairwisemeasureof mutual information,
we cannow definea measurebetweena setof 1 labelings,C , andasinglelabeling o# astheaveragenormalizedmutual
information(ANMI):

h +jp�i:kmln/ EMC � o#�Jc� �1 6q
-0r 
 h +ji:kmln/ E o#[�I# +.-�/ J3� (2)

Weproposetheoptimalcombinedclustering#,+.s	t�uNv�wg/ to be
theonethathasmaximalaveragemutualinformationwith
all individual labelings #,+.-�/ in C giventhat the numberof
consensusclustersdesiredis � , i.e.,# +.s	t�uNv�wx/ �zy
{I|c}~y9��� h +jp�i�kmln/ ExC � o#�J!� (3)

where o# goesthroughall possible� -partitions. Note that
this formulation treatseachindividual clusteringequally.
Onecaneasilygeneralizethisdefinitionto aweightedaver-
age,whichmaybepreferableif certainindividualsolutions
aremoreimportantthanothers.

Theremaybesituationswherenot all labelsareknown
for all objects, i.e., there are missing data in the label
vectors. For such cases,the consensusclusteringobjec-
tive from equation3 can be generalizedby computinga
weightedaverageof themutualinformationwith theknown
labels,with theweightsproportionalto thecomprehensive-
nessof the labelingsasmeasuredby thefractionof known
labels.

2.1. ConsensusFunction Heuristics

In [16, 14], we introducedthreeefficient heuristicsto
solve the cluster ensembleproblem. All algorithmsap-
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proachthe problemby first transformingthe set of clus-
teringsinto a hypergraphrepresentation.Essentiallyeach
objectis a vertex, andall themembersof a givenclusterin
any solutionareconnectedby an hyperedge.So the total
numberof hyperedgesis simply the sumof the numberof
clustersoverall 1 clusterings.Basedon this representation,
thefollowing heuristicswereproposed(detailsin [16]):

Cluster-basedSimilarity Partitioning Algorithm (CSPA).
A clusteringsignifiesa relationshipbetweenobjects
in thesameclusterandcanthusbeusedto establisha
measureof pairwisesimilarity. This inducedsimilarity
measure is thenusedto reclustertheobjects,yielding
acombinedclustering.

HyperGraph Partitioning Algorithm (HGPA). In this
algorithm, we approximate the maximum mutual
informationobjectivewith a constrainedminimumcut
objective. Essentially, theclusterensembleproblemis
posedasa partitioningproblemof a suitablydefined
hypergraphwherehyperedgesrepresentclusters.

Meta-CLustering Algorithm (MCLA). Here, the objec-
tive of integration is viewed as a cluster correspon-
denceproblem. Essentially, groupsof clusters(meta-
clusters)haveto beidentifiedandconsolidated.

2.2. Dir ect Optimization Approaches

Insteadof designingheuristics,one can try to directly
optimize the objective functions in Eq. 3. First, note
that an exhaustive searchthroughall possibleclusterings
with � labels for the one with the maximum ANMI is
formidablesince for � objectsand � partitions thereare
s�� � s� r 
�� � ��� E0� �@J�s	t � � � possible clusterings, or ap-

proximately � �Y� ��� for �<��� [7]. For example,thereare
171,798,901waysto form 4 groupsof 16objects.A variety
of well known greedysearchtechniques,including simu-
latedannealingandgeneticalgorithms,canbetried to find
a reasonablesolution. Typically suchapproachesare too
computationallyexpensive to be relevant in a datamining
context. However, to getafeel for thequality-timetradeoffs
involved,wedevisedandstudiedthefollowing greedyopti-
mizationschemethatoperatesthroughsinglelabelchanges:

The most representative single labeling (indicatedby
highestANMI with all 1 labelings)is usedastheinitial la-
belingfor thegreedyalgorithm. Then,for eachobject,the
currentlabel is changedto eachof theother � � � possible
labelsandtheANMI objectiveis re-evaluated.If theANMI
increases,theobject’slabelis changedto thebestnew value
andthealgorithmproceedsto thenext object.Whenall ob-
jectshavebeencheckedfor possibleimprovements,asweep
is completed.If at leastonelabelwaschangedin a sweep,

we initiate a new sweep.Thealgorithmterminateswhena
full sweepdoesnot changeany labels,therebyindicating
thata localoptimumis reached.Thealgorithmcanberead-
ily modifiedto probabilisticallyacceptdecreasesin ANMI
aswell, asin a Boltzmannmachine.

As with all local optimization procedures,there is a
strong dependency on the initialization. Running this
greedysearchstartingwith a randomlabelingis oftencom-
putationallyintractable,andtendsto resultin poorlocalop-
tima. Evenwith aninitializationthatiscloseto anoptimum,
computationcanbeextremelyslow dueto exponentialtime
complexity. Experimentswith ����� � � , �����	� , 1 ���
typically averagedonehoursper run on a 1 GHz PCusing
our implementation.

2.3. Discussionand Comparison

In this section,we comparethe heuristicswith the di-
rect approach,and also do a sanity check to see if the
NMI criteria is indeedmeaningful.Let usfirst take a look
at the worst casetime complexity of the proposedalgo-
rithms. Assumingquasi-linear(hyper-)graphpartitioners
suchas(H)METIS, CSPA is � E � � � 1 J , HGPA is � E ��� 1 J ,
andMCLA is � E ��� � 1 � J . Thefastestis HGPA, closelyfol-
lowedby MCLA since � tendsto besmall.CSPA is slower
andcanbeimpracticalfor large � . Thegreedyapproachis
theslowestandoftenis intractablefor large � .

We performeda controlled experimentthat allows us
to comparethe propertiesof the threeproposedconsensus
functions.First, we partition �>�����A� objectsinto �������
groupsat randomto obtainthe original clustering � .1 We
duplicatethis clustering 1 ��� times. Now in eachof the
8 labelings,a fractionof thelabelsis replacedwith random
labelsfrom a uniform distribution from 1 to � . Then,we
feed the noisy labelingsto the proposedconsensusfunc-
tions. The resultingcombinedlabelingis evaluatedin two
ways. Firstly, we measurethe normalizedobjective func-
tion h +jp�i:kmln/ EMC �I#�J of the ensembleoutput # with all the
individual labelsin C . Secondly, we measurethe normal-
izedmutualinformationof eachconsensuslabelingwith the
originalundistortedlabelingusing h +ji:kmln/ E ���I#�J . For better
comparison,we addeda randomlabelgeneratorasa base-
line method. Also, performancemeasuresof a hypothet-
ical consensusfunction that returnsthe original labelsare
includedto illustratemaximumperformancefor low noise
settings.2

Figure 2 shows the results. As noiseincreases,label-
ings sharelessinformationandthusmaximumobtainableh +jp�i�kmln/ ExC �I#�J decreases,andso does h +jp�i:kmln/ EMC �I#�J for
all techniques(figure2(top)). HGPA performstheworst in

1Labelsareobtainedby a randompermutation.Groupsarebalanced.
2In low noisesettings,theoriginallabelsaretheglobalmaximum,since

they sharethemostmutualinformationwith thedistortedlabelings.
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Figure 2. Comparison of consensus functions
in terms of ���j���:�m�¡ 3¢x£¥¤"¦�§ (top) and in terms
of � �j�:�m�n  ¢x¨�¤I¦�§ (bottom) for various noise lev-
els. A fitted sigmoid (least squared error) is
sho wn for all algorithms to sho w the trend.

thisexperiment,whichwebelieveis dueto thelackingpro-
visionof partiallycutedges.In low noise,both,MCLA and
CSPA recover the original labelings. MCLA retainsmore� �j�����m�n  ¢x£¥¤I¦�§ thanCSPA in presenceof mediumto high
noise. Interestingly, in very high noisesettingsCSPA ex-
ceedsMCLA’s performance.Note also that for suchhigh
noisesettingstheoriginal labelshave a lower averagenor-
malized mutual information � �j���:�m�n  ¢M£a¤I¦�§ . This is be-
causethe setof labelsarealmostcompletelyrandomand
the consensusalgorithmsrecover whatever little common
informationis presentwhereastheoriginal labelingis now
almostfully unrelated.However, realisticallynoiseshould
not exceed50% andMCLA seemsto performbestin this
simplecontrolledexperiment.

For lessthan50%noise,thealgorithmsessentiallyhave
the samerankingregardlessof whether � �j���:�m�n  ¢M£¥¤"¦�§ or� �j�:�m�¡  ¢g¨,¤"¦�§ is used. Sincein a real settingnoiseis ex-
pectedto bemuchlessthan50%,this indicatesthatourpro-
posedobjectivefunction � �j�����m�n  ¢x£¥¤"¦�§ is asuitablechoice
in realapplicationswhere ¨ andhence� �j�:�m�n  ¢x¨�¤I¦�§ is not
available.

The direct greedyoptimizationapproachperformssim-
ilar to CSPA in termsof � �©���m�n  ¢g¨,¤"¦�§ but scoreslessthan
MCLA in mostcases.In termsof � �j�����m�n  ¢x£¥¤I¦�§ thegreedy
approachreturnsa higher scorethan CSPA, HGPA, and
MCLA only for unrealisticallyhigh ( ª 75%) noiselevels.
More importantly, the greedyapproachis tractableonly
whentherearevery few datapoints,dimensions,andclus-
ters,dueto its high computationalcomplexity.

A Supra-ConsensusFunction. Our objective function
hasanaddedadvantagethatit allowsoneto addastagethat
selectsthebestconsensusfunctionwithout any supervision
information,by simply selectingthe onewith the highest
ANMI. So,for theexperimentsin thispaper, we first report
theresultsof this ‘supra’-consensusfunction « , obtainedby
runningall threealgorithms,andselectingtheonewith the
greatestANMI. Then,if therearesignificantdifferencesor
notabletrendsobserved amongthe threealgorithms,this
further level of detail is described. Note that the supra-
consensusfunction is completelyunsupervisedandavoids
theproblemof selectingthebestcombinerfor adatasetbe-
forehand.

3. Empirical Studies

Data Sets. We illustrate the clusterensembleapplica-
tionsontwo realandtwo artificial data-sets.In table1 some
basicpropertiesof thedatasets(left) andparameterchoices
(right) are summarized.(2D2K) is the simplest,contain-
ing 500 points eachof two 2-dimensional(2D) Gaussian
clusterswith means¢0¬®­\¯5°A°�±�¤I­\¯ ­�±A±A§�² and ¢M­\¯ ­A³�´µ¤I­\¯ ¶ °
¶�§�²
anddiagonalcovariancematriceswith 0.1 for all diagonal
elements. The secondartificial data-set,8D5K, contains
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1000pointsfrom 5 multivariateGaussiandistributions(200
pointseach)in 8D space.Again,clustersall have thesame
variance(0.1),but differentmeans.Both artificial data-sets
areavailablefor downloadathttp://strehl.com/.

The third data-set(PENDIG) for pen-basedrecogni-
tion of handwrittendigits is taken from the UCI Machine
Learning Repository. It contains16 spatial featuresfor
eachof the 7494 training and 3498 test cases(objects).
Therearetenclassesof roughlyequalsize(balancedclus-
ters) in the datacorrespondingto the digits 0 to 9. The
fourth data-set,YAHOO, is for text clusteringandcontains
20 original Yahoo! news categories. The data is pub-
licly available from ftp://ftp.cs.umn.edu/dept
/users/boley/ (K1 series)andwasusedin [1, 17]. The
raw ·\���A¸ ¹»º�·
¸A� � word-documentmatrix consistsof the
non-normalizedoccurrencefrequenciesof stemmedwords,
usingPorter’s suffix strippingalgorithm.Pruningall words
that occur lessthan �\� �\� or more than �Y�©�	� times on av-
eragebecausethey are insignificant(e.g.,haruspex) or
too generic(e.g.,new), respectively, resultsin ¼T��·
¹ �A¸ .
The default � usedfor YAHOO is taken as 40 (two times
thenumberof categories),sincesomecategoriesseemto be
multi-modal.

Evaluation Criterion. Evaluationof the quality of a
clusteringis a non-trivial andoften ill-posedtask. In fact,
many definitionsof objective functionsfor clusteringsexist
[7]. Sincefor our datasetseitherthegenerative modelsor
theclasslabelsareknown, wecanuseanextrinsicmeasure
basedon comparingcategory labelsto classlabels,asop-
posedto intrinsic measuressuchascompactnessandsep-
aration. Normalizedmutual information is chosenas it is
impartial with respectto � ascomparedto otherextrinsic
criteriasuchaspurity andentropy. It reachesits maximum
valueof 1 only whenthe two setsof labelshave an exact
one-to-onecorrespondence.

3.1. Feature-Distributed Clustering (FDC)

In Feature-DistributedClustering(FDC), we show how
clusterensemblescan be usedto combinea set of clus-
teringsobtainedin a distributedenvironmentfrom partial
views of the data. We run several clusterers,eachhaving
accessto only a restricted,small subsetof features.Note
that becauseof the currentlack of public domaindatasets
for distributedclustering,in our experimentsthesepartial
viewshadto becreatedfrom a commonfeaturespace.In a
real-life scenario,thedifferentviews would bedetermined
apriori in an application-specificway. Eachclustererhas
accessto all objects. The clusterersfind groupsin their
views/subspacesusingthesameclusteringtechnique.In the
combiningstage,individualclusterlabelsareintegratedus-
ing our supra-consensusfunction.

Table2 summarizesthe results. Eachdatasetwaspro-

jectedontomuchlowerdimensional,randomlychosensub-
spaces,for 1 times,a graph-partitionbasedclusteringwas
doneoneachprojection,andtheresultsintegratedusingthe
supra-consensusfunction.For example,in theYAHOO case,
20 clusteringswere performedin 128-dimensions(occur-
rencefrequenciesof 128randomwords)each.Theaverage
quality amongstthe resultswas 0.16 and the bestquality
was0.20. Using the supra-consensusfunction to combine
all 20labelingsyieldsaqualityof 0.31,or 156%highermu-
tual informationthanthe averageindividual clustering. In
all scenarios,the consensusclusteringis asgoodor better
thanthe bestindividual input clusteringandalwaysbetter
thantheaveragequality of individual clusterings.Also, the
supra-consensusfunctionchooseseitherMCLA andCSPA
results,but thedifferenceis not statisticallysignificant.

3.2. Object-Distrib uted Clustering (ODC)

A dual to the applicationdescribedin the previoussec-
tion, is Object-DistributedClustering(ODC). In this sce-
nario, individual clusterershave a limited selectionof the
objectpopulationbut have accessto all the featuresof the
objectsthey areprovidedwith. Thisis somewhatmorediffi-
cult thanFDC,sincethelabelingsarepartial.Becausethere
is no accessto the original features,thecombiner* needs
someoverlapbetweenlabelingsto establisha meaningful
consensus3.

Object-distribution cannaturallyresultfrom operational
constraintsin many applicationscenarios. For example,
datamartsof individualstoresof a retail company mayonly
have recordsof visitors to that store,but thereareenough
peoplewho visit more thanone storeof that company to
resultin thedesiredoverlap.

In thissubsection,we will discusshow onecanusecon-
sensusfunctionson overlappingsub-samples.We propose
a wrapperto any clusteringalgorithmthatsimulatesa sce-
nariowith distributedobjects,anda combinerthatdoesnot
have accessto theoriginal features.For experimentalpur-
poses,we divide thedatainto ½ overlappingpartitionssuch
thaton an average,eachobjectresidesin ¾ partitions. For
simplicity, eachpartitionis of thesamesize,i.e. �:¾ � ½ . Each
partition is processedby independent,identical clusterers
(chosenappropriatelyfor theapplicationdomain).For sim-
plicity, we usethe samenumberof clusters � in the sub-
partitions. Sinceevery partitiononly looksat a fractionof
thedata,therearemissinglabelsin the #,+.-�/ ’s. Givensuffi-
cientoverlap,thesupra-consensusfunction * ties the indi-
vidualclusterstogetheranddeliversaconsensusclustering.

Figure 3 shows our resultsfor the four data-setswhen
graphpartitioningwasusedastheclustererin eachproces-
sor. Eachplot in figure3 showstherelativemutualinforma-

3If featuresareavailable,onecanmergepartitionsbasedon their loca-
tionsin featurespaceto reachconsensus.
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name features#features#categoriesbalancesimilarity default #clusters
2D2K real 2 2 1.00 Euclidean 2
8D5K real 8 5 1.00 Euclidean 5
PENDIG real 16 10 0.87 Euclidean 10
YAHOO ordinal 2903 20 0.24 Cosine 40

Table 1. Overview of datasets for cluster ensemb le experiments. Balance is defined as the ratio of
the average categor y size to the largest categor y size.

inputandparameters quality
data sub- # all features consensus maxsubspace averagesubspace min subspace

spacemodels ¿
À5Á
Â:ÃjÄ +.Å 2 � À5ÆgÇ Ç Ä / ¿
À Á
Â:ÃÈÄ +¡Å 2 � / ÉËÊNÌ!Í ÊÏÎ!Ð Í ÉËÑ Ò	Í
#dims 6 ¿
À Á
Â:ÃjÄ +.Å 2 � À Í Ä / ¿
À5Á
Â:ÃjÄ +¡Å 2 � À Í Ä / ¿
À5Á
Â:ÃjÄ +.Å 2 � À Í Ä /

2D2K 1 3 0.84747 0.68864 0.68864 0.64145 0.54706
8D5K 2 5 1.00000 0.98913 0.76615 0.69823 0.62134

PENDIG 4 10 0.67805 0.63918 0.47865 0.41951 0.32641
YAHOO 128 20 0.48877 0.41008 0.20183 0.16033 0.11143

Table 2. FDC results. The consensus clustering is as good as or better than the best individual
subspace clustering.

tion (fraction of mutual informationretainedascompared
to the referenceclusteringon all objectsandfeatures)asa
functionof thenumberof partitions.We fix thesumof the
numberof objectsin all partitionsto bedoublethenumber
of objects(repetitionfactor ¾Ó�Ô· ). Within eachplot, ½
rangesfrom 2 to 72 andeachODC result is marked with
a Õ . Clearly, thereis a tradeoff in thenumberof partitions
versusquality. As ½ approaches¾ � , eachclustereronly re-
ceivesa singlepointandcanmakeno reasonablegrouping.
For example,in theYAHOO case,for ¾'��· processingon
16partitionsstill retainsaround80%of thefull quality.

Distributedclusteringusinga clusterensemblealsopro-
videsa speedupwhen the inner loop clusteringalgorithm
hassuperlinearcomplexity ( S � E ��J ) anda fastconsensus
function(suchasMCLA andHGPA) is used.For example,
let us assumethat the inner loop clustererhasa complex-
ity of � E � � J (e.g.,similarity-basedapproachesor efficient
agglomerative clustering)and one usesonly MCLA and
HGPA in thesupra-consensusfunction.4 Theoverheadfor
the MCLA andHGPA consensusfunctionsgrows linearly
in � and is negligible comparedto the � E � � J clustering.
Hencetheasymptoticsequentialspeedupis approximatelyÖ +.×:Ø,Ù:t�Ú!Û\Ü:/ËÝßÞà3á . Eachpartitioncanbeclusteredwithout
any communicationon a separateprocessor. At integration
time only the � -dimensionallabel vector (insteadof e.g.,
theentire �>ºâ� similarity matrix) hasto be transmittedto
thecombiner. Hence,ODCdoesnotonly savecomputation
time, but alsoenablestrivial ½ -fold parallelization.Conse-
quently, if a ½ -processorcomputeris utilized,anasymptotic
speedupof Ö +©×:Ø,Ù,t�ã9p�ä�/~Ý Þ áà á is obtained. For example,

4CSPA is åçæ.è�é"ê andwould reducespeedupsobtainedby distribution.

2D2K (YAHOO) canbespedup64-foldusing16processors
at 90%(80%)of thefull lengthquality.

4. Integrating Clusterings of Varying Resolu-
tions

Whenclusteringsaredonein a distributedfashion,per-
hapsby different organizationswith different data-views
or goals, it is quite likely that � will vary from site to
site. Is our consensusclustering fairly robust to such
variations? To addressthis question, we ran experi-
mentswhereclusteringsover a rangeof � wereintegrated.
While one would expect that different sites are looking
at different featuresif they selectdifferent valuesof � ,
to remove this additional sourceof variability, we just
usedthe sameset of featuresfor all clusterings. Also,
since2D2K is very simple,we replacedit with NEWS20,
which consists of newsgroup data with 20 categories,
available from http://www.ai.mit.edu/people/
jrennie/20Newsgroups/. We sampledthe origi-
nal datasetto get a reduceddataset of 2000 documents
(100/category), eachrepresentedby a 1151 dimensional
featurevector.

Table3 summarizestheexperimentsperformed.Spher-
ical K-meansis usedfor the last two datasetsbecausethey
areso high-dimensionalandnon-Gaussianthat regular K-
meansperformsmiserablyon them[18]. Ensemble-Aindi-
catestheoriginal rangesof � chosen.We foundthat,given
a wide rangeof � , ANMI would typically peakaroundthe
mostappropriatevalueof � , henceit couldbeusedto nar-
row down the rangeof � for re-considerationby the con-
sensusfunction. This observation resultsin Ensemble-B,
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Figure 3. ODC Results. Clustering quality (measured by relative mutual inf ormation) as a function of
the number of par titions, ½ , on various data sets: (a) 2D2K; (b) 8D5K; (c) PENDIG; (d) YAHOO. The sum
of the number of samples over all par titions is fix ed at ·
� . Each plot contains experimental results
using graph par titioning in the inner loop for ½ë��ì ·µ�������!�3í
·9î .

wherewe zoominto a narrower rangeof � . For example,
for 8D5K, for the first setof � values,the averagemutual
informationvariesquitesmoothlyandpeaksaround�~�zï ,
asshown in theFigure4. Sowe chosethenew rangeof �
to be ì � - �9î andwe find that �ð�òñ givesthehighestANMI
value.Incidentally, thishighlightsanaddedbenefitof using
a clusterensemble,sincethey givea goodindicationof the
naturalnumberof clustersin thedata.

First,asa sanitycheck,we plottedthevaluesof average
mutual information with all the membersof a clusteren-
sembleandthe mutual informationwith the original clus-
tering(Figure5). Thecorrelationcoefficient,averagedover
all theeightclusterensemblesin theexperimentsis 0.9023,
which is quitehigh. This justifiesour approachof picking
solutionsbasedon their averagemutual information with
respectto theclusterensemble.

Table 4 shows the mutual information valuesbetween
the differentclusteringsand the original categorizationof
the correspondingdataset. For eachdataset,the “A” and
“B” versionsindicatewhichensemblewaschosen,andonly
thesupra-consensusresultsareshown for brevity. Theaver-
ageclusteringquality is obtainedby computingtheaverage
of thepairwisemutualinformationof eachensemblemem-
berwith theoriginal categorization.Thenatural-� cluster-
ingsarethesolutionsobtainedby directlyapplyingtheclus-
teringalgorithmto get natural-� clusters.Themax-ANMI
clusterings,on theotherhandrefer to theclusterensemble
membersthatsharethemaximummutualinformationwith
all themembersof theensemble.

From the table, we notice that the quality of the con-
sensusclusteringis betterthanthatof thenatural-� cluster-
ing, the max-ANMI clusteringandalso the averagequal-
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ity of theensembleitself, exceptin thecaseof theYAHOO
dataset.This indicatesthattheconsensusmethodis a good
way to obtaina high quality clusteringwhenthenumberof
clustersis not known. Furthermore,the quality of a max-
ANMI clusteringis alsohigherthantheaverageof thecor-
respondingensemble.Sothemax-ANMI clusteringcanbe
usedto obtain a moderatelygood solution when it is not
possibleor expensive to do consensus.

The deviation in the caseof theYAHOO datasetis most
likely becausetheoriginalmanuallyassignedcategoriesare
somewhatdifferentfrom the naturalclusteringof thedata,
andthecategoriesarehighly imbalancedaswell. The low
NMI valuesof theYAHOO clusteringsaswell asthe lower
correlationvalue (0.6086)betweenthe AverageNMI and
the NMI valuesin the YAHOO clusterensemblesseemto
substantiatethis. Hence,it is not very surprisingthat the
clusteringobtainedusing the consensusmethodsdoesn’t
performverywell for this dataset.

Concluding Remarks. Clusterensemblesenablefed-
erateddatamining systemsworking on top of distributed
and heterogeneousdatabases,even undersevere dataand
knowledgesharingconstraints.We areactively looking for
morereal-life datasetsto extendour applicationscenarios
anddo furthercomparativestudies.
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