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Abstract

In this paperweproposea new probabilistic relaxation
framework to perform robust multiple motion estimation
andsegmentationfroma sequenceof images.Our approach
usesdisplacementinformationobtainedfrom tracked fea-
turesor raw sparseoptical flow to iterativelyestimatemul-
tiple motionmodels.Each iteration consistsof a segmen-
tation and a motion parameterestimationstep. The mo-
tion modelsare usedto computeprobability densityfunc-
tions for all displacementvectors. Basedon the estimated
probabilitiesa pixel-wisesegmentationdecisionis madeby
a Bayesianclassifier, which is optimal in respectto mini-
mumerror. Theupdatedsegmentationthenrelaxesthemo-
tion parameterestimates.Thesetwostepsare iterateduntil
the error of the fitted modelsis minimized. TheBayesian
formulationprovidesa unifiedprobabilistic framework for
various motion modelsand induces inherent robustness
throughits rejectionmechanism.An implementationof the
proposedframework usingtranslationaland affine motion
modelsis presented.Its superiorperformanceon real im-
agesequencescontainingmultipleandfragmentedmotions
is demonstrated.

1 Overview

Visual motion is an importantcue for a wide rangeof
sceneanalysistaskssuchas vehicle navigation, structure
from motion,sequencestabilization,imagesegmentationor
object tracking [10]. Visual motion may arisefrom mov-
ing objectsviewedby a fixedcamera againsta staticback-�
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ground,in which casethemoving regionsareusedto iden-
tify and track objects[4]. Or, visual motion may imply
a moving camera depictinga still background. [7]. The
combinationof a moving cameraandmoving objectsis the
multiple motionproblem,in which segmentationandego-
motionestimationhave to besolvedat thesametime. Ex-
isting approachesfor the analysisof multiple motionscan
beclassifiedasthosethatusesegmentationto separatemo-
tion [8] [11], and thosethat do not [3] [12]. In this pa-
perweproposeanew probabilisticrelaxationframework to
performrobust multiple motion estimationandsegmenta-
tion from a sequenceof images. Figure1 givesa graphi-
cal overview of our proposedsystem. Our approachuses
displacementinformationobtainedfrom trackedfeaturesor
raw sparseopticalflow to iteratively estimatemultiple mo-
tion models.Eachiterationconsistsof a segmentationand
amotionparameterestimationstep.Themotionmodelsare
usedto computeprobability densityfunctionsfor all dis-
placementvectors. Basedon the estimatedprobabilities,
a pixel-wisesegmentationdecisionis madeby a Bayesian
classifier, which is optimal in respectto minimum error.
The updatedsegmentationthenrelaxesthe motion param-
eter estimates.Thesetwo stepsare repeateduntil the er-
ror of thefitted modelsis minimized. Unlike region-based
tracking methods,our systemassumesneithercoherently
moving areasnor parametricshapeapproximations.This
enablesusto successfullyanalyzescenescontainingmulti-
ple fragmentedandoccludedmotions.Comparedto popu-
lar segmentation-freeapproaches,which consideronly the
dominantmotion,our framework simultaneouslyaddresses
multiple motions. The Bayesianformulation (section2)
providesa unifiedprobabilisticframework for variousmo-
tion modelsand inducesinherentrobustnessagainstout-
liers throughrejectionof classificationswith insufficient a
posterioriconfidence.An implementationof theproposed
framework usingtranslationalandaffine motion modelsis
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Figure 1. Overview of our proposed motion
analysis system.

presentedin section3. Its superiorperformanceon realim-
agesequencescontainingmultipleandfragmentedmotions
is demonstrated.Theestimatedparametersareusedto seg-
ment,stabilizeandmosaicscenesshowing theaccuracy of
therecoveredmotions(section4).

2 BayesianRelaxationFramework

Our proposedmethodologyworkson displacementvec-
tors thatarecomputedby a windowedsearchfor themax-
imum cross-correlation(MCC) [13] usinga coarse-to-fine
[2] framework. The framework segmentsthis set of dis-
placementvectorsandestimateseachsegment’smotionpa-
rameters.This is donein aniterative fashion,asillustrated
in the darkbox of figure 1. Eachiterationconsistsof two
steps:� Motionparameterestimation� Segmentation

First, themotionis estimatedfor eachsegment.This leads
to an updateof the likelihoodfor eachlocation’s displace-
ment. A Bayesianclassifier is employed to re-segment
the imageaccordingto the new likelihoodestimates.The
new segmentationyieldsnew andrelaxedmotionestimates.
Thesetwo stepsareiteratedaslongastheestimatedparam-
etersor thesegmentationchange.Uponconvergenceof this

optimization,thecurrentestimateshave minimal errorand
constitutethefinal estimates.Sincethereis noproofof con-
vergenceatthis time,therelaxationis alsoterminatedwhen
a certainnumberof iterationsis exceeded.Subsection2.1
discussesvariousmethodsto initialize the relaxationpro-
cessand subsection2.2 presentsa detaileddescriptionof
the two stepswithin eachiteration. Section3 givesdetails
onhow weimplementedthesetwo stepsusinganaffinemo-
tion model.

2.1 Initialization

Likeany iterativeoptimizationparadigm,aninitial guess
is neededto starttheoptimizationprocess.In our case,ei-
ther an initial segmentationor an initial setof motion pa-
rametersis needed.The initialization is of crucial impor-
tanceto avoid convergingto asuboptimal(local)errormin-
imum. For our framework, we consideredthe following
threemethodologies:� Randominitialization – All locationsare assigneda

randommotion classlabel. We chosethis to be our
default initializationmethodfor thefirst pairof frames
if no a priori knowledgeis given.� Initialization with previousresults– After processing
the first imagepair, previous motion parametersare
usedto provide a goodinitialization of the relaxation
processof thecurrentframepair. Thismethodinfersa
certainamountof motionsmoothnessover time. Due
to massinertia, this is a goodassumptionas long as
inter-frametimesaresufficiently small.� Domainspecificinitialization – Environmentinforma-
tion can also be utilized. In an active vision track-
ing setting,for example,we could assumethat in the
imageplane,the objectmovesslower than the back-
ground,and thus initialize accordingto the velocity
vector magnitude. Or we can exploit sceneknowl-
edgefor initialization when, for example, the object
is known to befoundmostlyin theimagecenter.

2.2 Motion Parameter Estimation and Segmenta-
tion

Throughthe initialization, eachlocationwasassigneda
preliminary(random)labelsegmentingthesetof locations
into multiple motions. Let � be the numberof motionsin
the sceneand � the numberof parametersin eachmotion
model. In the motionestimationstep, the inter-framepa-
rametermatrix � (of size � by � ) is computedfrom thesetof
displacementvectors. This taskconsistsof independently
estimatingtheparametervector�	� for eachmotionclass
�� .
Only locationslabeledasa memberof a certainmotion 
��
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contributeto theestimationof its parametervector �� � . How
thedisplacementvectorsof theform 
���������� areusedto es-
timatetheparametervector �� � dependson theselectedmo-
tion model family. A generic2–dimensionalplanartrans-
formationsmodelfamily is givenby equations4 and5, and
animplementationof maximumlikelihood(ML) estimation
is givenin section3. Closedform or iterativeregressionso-
lutions for the motion modelparameters�� canbe derived
by following theML approachfor independentsamples���
asgivenby equation1.�� �������	 !#"%$ �'& 
�� ��( 
 � ���)� (1)

Theestimatedmotionparametersdescribethefittedmo-
tion models. In the segmentationstepeachlocation ��� ’s
motion classlabel *+� is updated. The new label *+� is de-
terminedby a Bayesianclassifier [5]. The current mo-
tion modelsdeterminethelikelihoodof theimagedisplace-
ments. Hence,changingthe motion estimatesupdatesall
class-specificprobabilities& 
�� ��( 
 � ���)� that the location � �
hasadisplacementvectorascomputedby thepreprocessing
stage,given that the correctmotion type is 
 � andthepa-
rameters� areknown. In orderto implementtheproposed
framework, a parametricprobabilitydistribution family for& 
,�-� ( 
������.� hasto be selected(e.g.,Gaussian,seesection
3). Given & 
,�-� ( 
������.� wecanuseBayes’rule [5] to express
thea posterioriprobability /�
,
�� ( ���0���.� thata location ��� ’s
displacementwasgeneratedby motion 
1� , asfollows:/�
�
1� ( �-�0���.� � & 
�� ��( 
 � ���)�324/�
�
 �5( �.�& 
,� �6( �.�� & 
,�-� ( 
������.�327/�
�
1� ( �.�8:9;�<�= & 
,�-� ( 
 ; ���)�327/�
,
 ; ( �.� (2)

Knowing thea posterioriprobabilities,theoptimalclassifi-
cation(in thesenseof minimummisclassifications)is made
with Bayes’decisionrule [5], asfollows:*+� �?> arg�@�A �5
�/�
�
1� ( �-�.���.��� if ���	 ��
�/�
,
�� ( �-�.���.���CBEDF

else
(3)

Thelabel *+� canindicatea motionclassGHB F for *+� � G or
rejectionif *+� � F

. The scalarvariable D�IKJ F �7L7M denotes
auser-selectedthresholdto controltheamountof rejection.
The maximuma posteriori (MAP) probability for the de-
cision hasto exceedthe confidenceD . For D � F

, thereis
no rejection,andfor D � L , every pixel is rejected.Useful
valuesfor D shouldbe significantly greaterthan the blind
guessprobability L	NA� and less than L . (We used

FPO Q
for

our experiments.)The higherthe valueof D is chosen,the
morelikely arerejections.Thefollowing sectiondiscusses
anaffineimplementationof thetwo describedabstractsteps
in our framework.

3 Affine Implementation

Theplanarmodelcandescribethemotionof a planein
3–dimensionalspaceprojectedinto the 2–dimensionalim-
age[1] [9]. Let RTSVU W� denotea transformationthat warps
frame X S to match frame X W in respectto motion 
�� .
This transformationof location �-� ’s Cartesiancoordinates
,Y S� ��Z S� �#� canbeconvenientlywritten asa matrix multipli-
cation using the correspondinghomogeneouscoordinates[ S� in frame X S to

[ W� in frame X W [6]:[ W� � RTSVU W� 2 [ S� (4)

with R\SVU W� and
[ � definedas

RTS]U W� �_^`a � S]U W� U = � SVU W� U b � SVU W� U c�.S]U W� U d �.SVU W� U e �)SVU W� U f�.S]U W� U g �.SVU W� U h L
i7jk [ S� �ml S� ^a Y S�Z S�L ik (5)

In the following, we consideronly onepair of imagesand
consequentlyomit the temporal indices n and o for im-
provedreadability. Imposingthe constraints� � U g � F

and� � U h � F simplifiestheplanarmotionmodelto thepopular
affine model. In this case,the displacementsin the image
aremodeledasanaffinetransformationof theircoordinates.
Adding the restrictions�	� U = � L , �	� U b � F

, �	� U d � F
and�	� U e � L deliversthe translationalmodelthat canonly ac-

countfor displacementsconstantthroughouttheimage.The
affinemotionmodelshowedthebestresultsbecauseit pro-
videsa goodbalancefor the trade-off to keepmodelerror
andestimationerrorlow.

Let usfirst look at theestimationstep.Assumingthatthe
affinemotionmodelholdsfor all pq� locations��� (thatarela-
beledasmotion 
 � ) givesusanover-determinedsystemofp � equations.A closedform least-squared-error(LSE) so-
lution for �� caneasilybeobtainedusingthepseudo-inverse
method,andis givenby

^asrt-uwv xrt uwv yrt uwv z
ik|{~} 8�� y 8���� 8��8���� 8�� y 8��8�� 8�� � ��� x5� } 8�� y�� ���8���� � �A�8�� � � �

(6)
and^a rt-uwv �rt-uwv �rt uwv �

ik|{~} 8�� y 8���� 8��8���� 8�� y 8��8�� 8�� � � � x � } 8���� � ���8�� y � �A�8�� � � �
(7)

The summationsareover all ��I��.L.� O7O4O ��p �#� and the in-
dex � is omittedat all Y , Z , � and � symbolsin equations
6 and 7. With theseequations,the LSE estimatesof the
motionparameterscanbecomputedfrom thedisplacement
vectors
����0���V�V�#� andthepreliminaryclassification.Simple
LSE estimationis not robust,meaningthata singleoutlier
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canarbitrarily worsenthe estimate. However, our frame-
work providesinherentrobustness:Pointsthat deviate too
muchfrom the currentmodelestimateare labeledasout-
liers (rejectionclass

F
) by the Bayesclassifierandareex-

cludedfrom the estimationprocedure.The toleranceof a
motionmodel 
�� to deviationsis specifiedin termsof the
decisionconfidencethresholdD andthetolerancematrix ���
asdescribedbelow. In otherwords, the robustnesslies in
our framework and thus it is not necessaryto implement
robustnessfor everyparticularmotionmodelestimator.

The secondchoicewhen implementingthe framework
is which error distribution model to usefor the classifica-
tion step. In otherwords,how do the pixel displacements
estimatedin the preprocessingstagedeviate from the dis-
placementspredictedfrom a certainmotionmodel 
 � ? We
assumedtheerrorof thedisplacementvectorsto besignal-
independentbivariatezero-meanGaussianadditive noise.
The Gaussianmodel is a good first approximationand a
well-knownnoisemodel.UsingaGaussiandistribution,the
class-specificprobability & 
���� ( 
��#���)� thatadisplacementat
location ��� wasgeneratedby motion 
1� is determinedto be

& 
,�-� ( 
������.� ��� ( ��� =� (�A� �- 6� �¢¡ L�q£ �� U � ��� =� £ � U �7¤ (8)

wherelocation � � ’s difference£�� U � betweencomputedand
predicteddisplacementis£ � U � � � �P��V� ¤¥¡ � ��¦� U ���A� U � ¤ (9)

andlocation ��� ’s displacement
 ��¦� U �0� ��A� U �V��� predictedfrom
motionmodel 
�� is givenby

^a ��§� U ��� � U �F ik � 
�RK� ¡©¨ �ª2 ^a Y6�Z �L ik (10)

The a priori probability /�
�
1� ( �.� is the probability of en-
counteringadisplacementcausedby motion 
1� whenpick-
ing a randomlocation ��� from the image, given the pa-
rameters� . Unlesswe have a specificand known scene
model,theparametersof theconsidered2–dimensionalmo-
tion modelsareindependentfrom thea priori probabilities,
so /�
,
�� ( �.� � /�
�
1�«� . In graphicalterms, /�
,
��«� repre-
sentsthe fraction of the imageareathat undergoesmotion
 � . This parametercan be usedto incorporatea priori
knowledgeaboutthe analyzedscenes.For example,given
the fact that in mostcasestheprimarymotion covers ¬ F�­
of the image, /�
�
 = � shouldbesetto

FPO ¬ . We want to an-
alyzesceneswith two motions,namelyobjectandcamera
motion,while not tuningoursystemto acertainobjectsize.
Consequently, given � motions,let G�I®�.L.� O7O4O �5� � andas-
sumeequala priori probabilities/�
�
1�«� � L	NA� .

The covariancematrix � � representsthe toleranceof a
motion class 
 � regardingdeviationsof a single location� � ’s computeddisplacement
,� � ��� � � � from the predicted
displacement
 �� � U � � �� � U � ��� accordingto a certainmodel 
 � .
This matrix canbeusedto encodetheerrorcharacteristics
of motion 
�� . If the displacementestimatesfor a certain
motion classareknown to be affectedby large errors,the
covariancematrixcanbesetaccordinglyto toleratethehigh
deviations. Dependingon the specificapplicationof our
framework, it may alsobe desirableto adjust ��� dynami-
cally for eachiterationstep(makingit anotherparameteror
a functionof theparameters)ratherthenusingafixedvalue
for eachclass
1� . By default, we do not specializeon cer-
tain casesandchoseequaltolerancefor all motionclasses.� � is setto the2 by 2 unity matrix ¨ for all G . Now wehave
all therequiredinformationto startrelabeling(classifying)
eachlocation � � in the framewith the new label * � , using
Bayes’decisionrule (equation3). Thetwo steps,segmen-
tationandestimation,areiterateduntil theresultsstabilize,
which typically happensafter2 to 20 iterations.

4 Experimental Results

Figures2(a) and (b) depict the original two framesof
the Skatersequence[3], an exampleof highly fragmented
motion. It showsacrowd of peoplein thebackground(sec-
ondarymotion) that is occludedby treesin the foreground
(primarymotion). Usingour estimatedparametersto align
theimagesaccordingto primaryandsecondarymotion,the
remainingresidualsareshown in figures2(c) and(d), re-
spectively. For example,in figure2(d) theimageswerereg-
isteredin respectto thecrowd’smotionbeforedifferencing.
Consequentlythetreein theforegroundis salientin theer-
ror image.Figures2(e)and(f), respectively, show thesuc-
cessfulmotion-basedsegmentationinto tree(primary) and
crowd (secondary)asproducedby the Bayesianclassifier.
Pleaserefer to http://strehl.com/research/ for
moreexamplesanddetailedresultsonavarietyof scenarios
andnumbersof motions.

5 Conclusionsand Future Work

In this paper, we presenteda new robust stochasticre-
laxation framework for the estimationand segmentation
of multiple motions. Within this versatileframework, a
Bayesianformulation is employed to solve the segmenta-
tion problem. Our approachallows the robust estimation
of various modelsin multiple motion scenarioswithin a
unified framework. We demonstratean implementationof
our framework to estimateandsegmentaffine motionsin
gray-level imagesequences.The implementationis tested
on actualsequencesof moving objectsdepictedby moving
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Figure 2. Fragmented motion in the Skater se-
quence .

cameras.Excellentresultswith low error areobtainedfor
multiplemotionandfragmentedmotionsequences.

In futurework, we plan to experimentwith a varietyof
parametricmotionfamilies(including3–dimensionalmod-
els). Another future direction could include experiments
with simultaneoususeof trackedfeaturepointsandsparse
sub-pixel accurateoptical flow. Moreover, an extensionto
thecurrentframework couldbedevelopedto automatically
pick theappropriatemotionmodelfor a scenebasedon an
error measureobtainedfrom the probability densityfunc-
tionsof theBayesclassifier.
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